This article investigates the differences between the Aifantis and Gurtin-Anand strain gradient plasticity. The fact that Gurtin-Anand strain gradient plasticity is richer than the Aifantis strain gradient plasticity provides a basis for which we could derive equivalent Aifantis flow rule and extend it to accommodate scalar dissipative hardening. It was found that the major difference between the Gurtin-Anand and Aifantis theories lies on the use of the codirectionality hypothesis and constraint imposed on the gradient of the flow direction.
Introduction
Strain gradient plasticity deals with the study of the effects of plastic strain gradients on plastically deformed bodies at varying length scales. The subject of strain gradient plasticity has become a considerable aspect of plasticity with renewed interest in its theories and applications. Aifantis [1] , [2] is known as a pioneering author on the mathematical study of strain gradient plasticity. He introduced into the classical theory of plasticity -through the yield criterion -terms relating to the Laplacian of the accumulation of plastic strain. This generalization which we shall refer to as the Aifantis theory, enables the determination of certain effects not captured by the conventional plasticity theory. For instance, the review done by Hutchinson [3] noted that experimental results showed that at the micron scale, smaller metallic material components become stronger during inhomogeneous plastic flows. These are known as size effects, and cannot be observed using the classical plasticity framework, except if one introduces within the yield criterion terms relating to the gradient of the plastic strain [1] , [2] , [4] , [5] , [6] . The Aifantis theory has been studied and shown to be thermodynamically consistent in the sense that it obeys the first and second law of thermodynamics [7] , [8] . The non-local flow rule obtained in the Aifantis theory is said to be a microscopic force balance augmented by thermodynamically consistent constitutitve relations for the forces involved [8] , [9] . Other types of gradient plasticity models developed over the years are the Fleck-Hutchinson [10] , [11] , [12] and Gao-Nix-Huang strain gradient theories [13] , [14] . The reviews of Aifantis [15] , [16] provide updates on classes of gradient theories.
Another strain gradient theory worthy of consideration is the Gurtin-Anand theory [17] , which makes use of the virtual power principle and the second law of thermodynamics to obtain microscopic force balances and constitutive relations for microscopic stresses. This approach was also used by Borokinni et al. [18] to determine the effects of divergence of plastic strain in the gradient theory of plasticity. The Gurtin-Anand theory established a non-local flow rule -without an assumption of codirectionality constraint -in the form of a tensorial partial differential equation in the plastic strain tensor with accompanying boundary conditions. Whereas the Aifantis flow rule [1] is a scalar partial differential equation -with the assumption of codirectionality -in the accumulated plastic strain. Thus, for this reason, it is said that the Gurtin-Anand theory is richer than the Aifantis theory [7] .
However, besides the codirectionality constraint, the tensorial form of the Gurtin-Anand flow rule does not provide a sufficient reason for the major or specific differences between the Gurtin-Anand and Aifantis theories. This is because, as shown by Gurtin et al. [7] the scalar microscopic stresses in the Aifantis theory are resolved components of the elastic and plastic stress tensors. Thus, the Aifantis flow rule can be transformed into a tensorial form involving stress tensors. Working with the fact that the Gurtin-Anand theory is richer in construct than the Aifantis theory, this article uses the Gurtin-Anand theory as a basis to establish the differences between the two theories, and extend the Aifantis theory to accommodate scalar dissipative hardening.
Notations
In component form, a second-order tensor A is written as A ij for i, j = 1, 2, 3. The expression Au is written in component form as A ij u j , where the summation convention is adopted. The trace of a second-order tensor A is denoted as trA and written as the sum of the diagonal elements for the matrix of A. The symmetric and skew parts of a second-order tensor A would be denoted by symA and skwA, respectively, and are defined as symA = (trA)I, where I is the second-order unit tensor. Given any nonzero vector a, we define a second-order tensor (a×) in component form as (a×) ij = ϵ ikj a k , where ϵ ikj is the permutation symbol.
The partial derivative with respect to the spatial variable would be denoted as (·), i , and defined as (⋅), = (⋅) , where x i is the spatial coordinate for i = 1, 2, 3. We denote the gradient of a vector field a and tensor field A as ∇a and ∇A, respectively, and these are defined in component forms as (∇a) ij = a i,j and (∇A) ijk = A ij,k . The divergence of a and A are denoted by diva and divA, respectively, and are defined in component forms as diva = a k,k and (DivA) i = A ik,k . The curl of a tensor A would be written as CurlA or ∇×A and defined in component form as (CurlA) ij = ϵ ipq A jq,p .
Kinematic relations
Let u(x, t) denote the displacement at a point x in a body B occupying a region of space. The displacement gradient for small deformation isotropic plastic solids admits the additive decomposition
into elastic distortion H e and plastic distortion H p . The tensor H e characterizes stretching and rotation of the material structure, and can be written as the sum of the lattice strain E e and lattice rotation W e which are symmetric and skew-symmetric tensors, respectively. The tensor H p which is called plastic distortion, arises due to the motion of the dislocation through the material structure. H p can also be written as the sum of the plastic strain E p and the plastic rotation W p which are symmetric and skew-symmetric tensors, respectively. Basic to the works of Aifantis [1] and Gurtin and Anand [17] is the assumption that the plastic rotation W p is zero. Thus, the basic kinematic rate relation following eq. (1) and the assumption of plastic irrotationality is given by ∇u =Ḣ +Ė with trĖ = 0.
The flow direction N p and accumulated plastic strain e p are defined through
It is clear from eqs. (3) and (4) thatĖ
Clearly, using eq. (5), the basic rate-like kinematic relation (2) can be written as
Given an arbitrary sub-region P ⊂ B whose boundary is ∂P with an outward unit normal n at a point on ∂P.
In view of the fact that the basic kinematic variables are displacement u, elastic distortion H e and plastic strain E p , Gurtin and Anand [17] established a gradient theory based on the assumption that there exist
• elastic stress (symmetric) T power conjugate to the elastic distortion rateḢ
• plastic microstress T p power conjugate to the plastic strain rateĖ
• third-order polar microstress p power conjugate to the rate of plastic strain gradient ∇Ė
• microtraction K(n) power conjugate to the plastic strain rateĖ
• body force b and macrotraction t(n) both power conjugate to the velocityu .
Given thatḢ ,Ė andu are virtual fields consistent with eq. (2), the principle of virtual power states that
The consequences of the virtual power balance are
• Macroscopic force balance and macrotraction condition:
• Microscopic force balance and microtraction condition:
where T o is the deviatortic part of the elastic stress tensor T.
4 Free-energy imbalance, constitutive relations and flow rule of the Gurtin-Anand gradient theory
Free-energy imbalance
Let ψ denote the free-energy per unit volume within a subregion P of the body B. The second law of thermodynamics asserts that the temporal increase in the global free-energy over the region P cannot exceed the power expended on P. A consequence of this law and the power balance is the local free-energy imbalancė
Constitutive relations
The free-energy ψ is assumed to be function of elastic strain E e and the Burgers tensor G = CurlE p and takes the separable form
=̂(E ) +̂(G)
into elastic energy ψ e and defect energy ψ p . By substitution into eq. (10), we have
where can be written in component form = .
Assume that p admits additive decomposition
into energetic part and dissipative part . The energetic polar microstress is defined in component form as
The free-energy imbalance reduces to the dissipation inequality
Consistent with the dissipation inequality, the constitutive relation for the microscopic stresses are assumed to be [17] T = ( ) ( )Ė and
where g(·) is called rate-sensitivity function, Y(·) is the flow resistance, S is an internal state variable which evolves according to the differential equatioṅ = ℎ( ) with (x, 0) = .
d p is called effective flow rate defined as
l is called dissipative length scale associated with the microscopic stress , h(·) is a hardening function and S o is the initial flow resistance.
Gurtin-Anand Flow rule
The flow rule of viscoplasticity of the Gurtin-Anand type is obtained by augmenting the microscopic force balance eq. (9) with the constitutive relations eq. (14) . The flow rule is given as
wherê(G) is a constitutive response function for the energetic microscopic stress and the term −div̂(G) is called the backstress which accounts for kinematic hardening. The terms on the right hand side of eq. (17) account for dissipative hardening.
Remark
A quadratic and isotropic form of the defect energy ψ p is [17]
which when substituted into the flow rule is
where sym o V is called symmetric and deviatoric part of a tensor V defined by
The Aifantis-based theory and the Gurtin-Anand Model
The Aifantis theory assumes from the outset that the codirectionality hypothesis is satisfied. This means that the deviatoric stress T o and flow direction N p are in the same direction. Two constraints are needed for which the Aifantis-based theory is a special case of the Gurtin-Anand theory. The first constraint has been identified as the codirectionality constraint. The second constraint which will be shown later, states that the gradient of the flow direction is zero.
Microscopic force balance of the Aifantis-based theory
Assume that the codirectionality hypothesis holds. Consider the microscopic force balance of the Gurtin-Anand model given by eq. (9). The resolved component of the elastic stress T o to the flow direction would be denoted by τ and resolved component of the plastic stress T p to the flow direction would be denoted as τ p so that = T ∶ N , and = T ∶ N .
We define the operation ′⊗′ on the pair (A, a) (with A a second tensor and a a vector) by
It is easy to show that given any nonzero vector a, then
To show this, recall that |N p | = 1 and that
Resolving the Gurtin-Anand microscopic force balance along the flow direction, we have
The constitutive relation for the microscopic stress T p [see eq. (14) 1 ] shows that T p and N p are in the same direction. Using the Gurtin-Anand microscopic force balance, it is clear that div p is in the direction of N p . Consider the power ⋮ ∇Ė expended within an arbitrary portion of the body by the microscopic stress p . In terms of the accumulated plastic strain rate we have
here we define p N p in the component form as
If
then we have
Basic to obtaining the Aifantis flow rule is the assumption that ϕ p = 0, so that we have
It is clear from eq. (26) that
Hence, following eq. (23), the Aifantis microscopic force balance is given by
Motivation and jusfication for the choice of eq. (26)
The gradient ∇̇of the rate of accumulated plastic strain can be written as
so that there exists polar microscopic stress * = N ⊗ ⃗ *
such that
Remark
The transformation of the Gurtin-Anand type microscopic force balance to the Aifantis type microscopic force balance shows that the Aifantis model can account for backstress, and we can formulate a constitutive theory based on the Aifantis model that accommodates the Burgers tensor as an independent variable of the defect energy. Two constraints are identified for which the Aifantis theory is a special case of the Gurtin-Anand theory. These are 
This inequality implies that the constitutive relations for the microscopic stresses τ p and ⃗ can be obtained from the constitutive relations for T p and p by resolving the microscopic stresses T p and p on the flow direction N p .
7 Constitutive relations for the Aifantis-based theory
Constitutive relations for energetic microstresses
We recall that the free-energey admits decomposition into elastic free energy ψ e and defect energy ψ p via
where G = curlE p . The standard result shows that
Following Borokinni and Ajayi [9] , the Burgers tensor rate can be written aṡ
where (∇̇×) in component form is written as (∇̇×) =̇, .
Basic to what follows, we assume a simple constitutive kinematic relation for G through
so thatĠ can be written in component form aṡ
By comparing eq. (36) 
The defect energy can be written as function of G or as function of e p and ∇e p . Clearly,
and we writė=̂( 
From the mechanics of the problem being considered, the microscopic scalar stress τ p is purely dissipative so that = 0 and hence the defect energy ψ p* is independent of the accumulation of the plastic strain. A consequence of this is that the quantitiesĜ and G are orthogonal. The dissipative microscopic stress ⃗ is defined by
By substituting eqs. (33) and (40) in the free-energy imbalance we have reduced dissipation inequalitẏ
It can be recalled that the temporal increase in the defect energy can be written aṡ
By eq. (40) and the fact that the defect energŷis independent of accumulation of plastic strain, we have 
In the Aifantis flow rule, there are no contribution from the dissipative microstress vector ⃗ so that = 0. The Aifantis microscopic force balance obtained from the Gurtin-Anand microscopic force balance is given by
Using eq. (3) and the constitutive relation (14) and noting the the effective flow rate reduces to = |Ė | =ẇ e have
and by eq. (22)
By substituting eqs. (47) and (48) in (23) we have the flow rule given as
Quadratic defect energy
Assume that the free energieŝ(G) and ψ p* (∇e p ) take the isotropic and quadratic form * (∇ ) = 1
Using eqs. (41) and (50) it is clear that
The Aifantis flow rule (49) for the quadratic defect energy (50) is obtained as
Remark
The term −βΔe p when compared with the term div in the Gurtin-Anand flow rule measures backstress, so that the Aifantis flow rule also accounts for the Bauschinger effect.
Generalized Aifantis-based theory
The Gurtin-Anand microscopic force balance can be written as
where T = ( ) ( )Ė and = 2 ( ) ( ) ∇Ė .
Recall that
Using the identity = 0, it is clear that This implies that
Resolving eq. (53) in the direction of the flow direction N p we have
It is clear that 
The effective flow rate can be written in terms of the accumlated plastic strain and the flow direction as = √ |Ė | 2 + 2 |∇Ė | 2 = √ (1 + 2 |∇N | 2 )|̇| 2 + 2 |∇̇| 2 with N = T |T | .
By eq. (56), we have
Using the quadratic defect energy (50) and substituting eqs. (58) and (59) in (57) we have a generalized Aifantisbased flow rule given as
Conclusion
Eq. (52) is the equivalent classical Aifantis flow rule derived from the use of codirectionality constraint and orthogonality conditions of polar microscopic stress and gradient of flow direction. However, in deriving the generalized Aifantis-based flow rule [Eq. (61)], it is obtained that the gradient of flow direction is null. As observed in the last term of Eq. (61), the generalized Aifantis-based flow rule accounts for scalar dissipative hardening. The Gurtin-Anand flow rule is richer than the Aifantis flow rule, and the main differences are observed from the fact that the Aifantis flow rule will be recovered from the Gurtin-Anand flow rule whenever codirectionality constraint is imposed and the gradient of flow direction is zero.
